In this paper, we study the Gieseker moduli space M 
Introduction
Minimal surfaces of general type with p g = q = 1 have attracted the interest of many authors (e.g. [5, 8, 9, 12, 16, [23] [24] [25] [26] ). For these surfaces, one has 1 ≤ K 2 ≤ 9. By results of Moǐšezon [27] , Kodaira [18] and Bombieri [4] , these surfaces belong to a finite number of families.
For such a surface S, the Albanese map f : S → B := Alb(S) is a fibration. Since the genus g of a general fibre of f (cf. [12] Remark 1.1) and K 2 S are differentiable invariants, surfaces with different g or K 2 belong to different connected components of the Gieseker moduli space. Hence one can study the moduli space of these surfaces according to the pair (K 2 , g).
The case K 2 = 2 has been accomplished by Catanese [5] and Horikawa [16] independently: these surfaces have g = 2 and the moduli space is irreducible; the case K 2 = 3 has been studied completely by Catanese-Ciliberto [8, 9] and Catanese-Pignatelli [12] : these surfaces have g = 2 or g = 3. Moreover, there are three irreducible connected components for surfaces with g = 2 and one irreducible connected component for surfaces with g = 3; for the case K 2 = 4, g = 2, Pignatelli [23] found eight disjoint irreducible components of the moduli space under the assumption that the direct image of the bicanonical sheaf under the Albanese map is a direct sum of three line bundles.
For the case K 2 = 4, g = 3, there are some known examples (see e.g. [17, [24] [25] [26] ), but the moduli space is still mysterious. Now denote by ι the index of the paracanonical system (cf. [8] for definition) of S. By a result of Barja and Zucconi [2] , one has either ι = g − 1 = 2 or ι = g = 3 (see Lemma 2.2). By [8] Theorems 1.2 and 1.4, ι is a topological invariant, hence it is a deformation invariant and surfaces with different ι belong to different connected components of the moduli space.
In this paper we study the case K 2 = 4, g = 3, ι = 2. Due to technical reasons, we begin by assuming that the general Albanese fibre is hyperelliptic. We call surfaces with these properties surfaces of type I and denote by M I their image in M This paper is organized as follows. In section 2, we study the relative canonical map of f . We prove that every Albanese fibre of S is 2-connected. The main ingredient for that is Proposition 2.5, which gives a sufficient condition for a fibre of genus 3 to be 2-connected.
In section 3, we restrict to surfaces of type I, i.e. minimal surfaces with p g = q = 1, K 2 = 4, g = 3, ι = 2 and hyperelliptic Albanese fibrations. Using Murakami's structure theorem [22] , we divide surfaces of type I into two types according to the order of some torsion line bundle: type I 1 and type I 2 (cf. Definition 3.6). Moreover, we show that the subspace M I 1 of M In section 4, we study surfaces of type I 1 . We first construct a family M 1 of surfaces of type I 1 using bidouble covers of B (2) , the second symmetric product of an elliptic curve B. Then we show that every surface of type I 1 is biholomorphic to some surface in M 1 and that dim M I 1 = 4. After that we study the natural deformations of the general surfaces of type I 1 and show that they give a 5-dimensional irreducible subset M ′ 1 of M 4,3 1,1 . By computing h 1 (T S ) for a general surface S ∈ M 1 , we prove that M ′ 1 is an irreducible component of M
4,3
1,1 . In section 5, we study surfaces of type I 2 . An interesting fact is that every surface of type I 2 also arises from a bidouble cover of B (2) , but the branch curve is in a different linear equivalence class. Using a similar method to the one of section 4, we show that dim M I 2 = 3 and that M I 2 is contained in a 4-dimensional irreducible component of M Notation and conventions. Throughout this paper we work over the field C of complex numbers. We usually denote by S a minimal surface of general type with p g = q = 1 and by S ′ the canonical model of S.
We denote by Ω S the sheaf of holomorphic 1-forms on S, by T S := Hom O S (Ω S , O S ) the tangent sheaf of S and by ω S := ∧ 2 Ω S the sheaf of holomorphic 2-forms on S. K S (or simply K if no confusion) is the canonical divisor of S, i.e. ω S ∼ = O S (K S ). p g := h 0 (ω S ), q := h 0 (Ω S ). The Albanese fibration of S is denoted by f : S → B := Alb(S). We denote by g the genus of a general fibre of f and set V n := f * ω ⊗n S . For an elliptic curve B, we denote by B (ι) the ι-th symmetric product of B and by E u (r, 1) (u is a point on B) the unique indecomposable rank r vector bundle over B with determinant O B (u) (cf. [1] ).
We denote by M 4,3 1,1 the Gieseker moduli space of surfaces of general type with p g = q = 1, K 2 = 4 and genus 3 Albanese fibrations. For divisors, we denote linear equivalence by '≡' and algebraic equivalence by '∼ alg '.
The relative canonical map and 2-connectedness of Albanese fibres
In this section, unless otherwise indicated, we always assume that S is a minimal surface with p g = q = 1, K 2 = 4 and a genus 3 Albanese fibration f : S → B := Alb(S).
First we recall the some definitions that we shall use later from [8] section 1. Let t be a point on B and set K ⊕ t := K + f * (t − 0) (where 0 is the neutral element of the elliptic curve B). Since h 0 (K) = p g = 1 and h 0 (K ⊕ t) = 1 + h 1 (K ⊕ t) (by Riemann-Roch), by the upper semicontinuity, there is a Zariski open subset U ∋ 0 of B such that for any t ∈ U , h 0 (K ⊕ t) = 1. We denote by K t the unique effective divisor in |K ⊕ t| for any t ∈ U .
We define the paracanonical incidence correspondence to be the schematic closure Y (observe that it is a divisor) in S × B of the set {(x, t) ∈ S × U |x ∈ K t }. Let π S : S × B → S and π B : S × B → B be the natural projections. We define K t as the fibre of π B | Y : Y → B over t for any t ∈ B \ U . Note that Y provides a flat family of curves on S, which we denote by {K t } t∈B (or simply {K}) and call it the paracanonical system of S. The index ι of {K} is the intersection number of Y with the curve {x} × B for a general point x ∈ S, which is exactly the degree of the map π S | Y : Y → S. Now we define a rational map w ′ : S B (ι) as follows: for a general point x ∈ S, w ′ (x) :
Since deg V 1 = 1 and rank V 1 = g, V 1 has a unique decomposition into indecomposable vector bundles 
are nontrivial torsion line bundles (see [12] Remark 2.10) and we have the following commutative diagram of rational maps
where ϕ is induced by the natural inclusion:
Lemma 2.2. Let S be a minimal surface with p g = q = 1, K 2 = 4 and a genus 3 Albanese fibration. Then we have either ι = 2 or ι = 3.
∆(f ) = 4. By [2] Theorem 2 and Lemma 2.1, we have either ι = g − 1 = 2 or ι = g = 3.
Now we study the relative canonical map w of f : S → B. Lemma 2.3. Let F be a general fibre of f . Then |K S + dF | is base point free for d ≫ 0 and w is a morphism.
Proof. Denote by |m| the movable part of |K S + dF | and by z the fixed part of |K S + dF |. Set S 0 := w(S). Denote by T the (tautological) divisor on P(V 1 ) such that π * O(T ) = V 1 and by H the fibre of π :
For d >> 0, let ξ : P(V 1 ) → P n be the holomorphic map defined by the linear system |T + dH|, where n = h 0 (T + dH). Let ψ : S P n be the rational map defined by |K S + dF | (note that
commutes. Hence the indeterminacy points of w are exactly the base points of the movable part |m| of |K S + dF |. So we only need to show that |K S + dF | is base point free for d ≫ 0.
(i) If F is hyperelliptic, then the map w : S S 0 is of degree 2. Assuming S 0 ∼ alg 2T + βH for some β, since K S , m, F are all nef divisors, we have
It follows that β ≤ 0 and that β = 0 if and only if K S z = mz = F z = 0. Since K S + dF is effective, big and nef , by [21] Chap.I, Lemma 4.6, K S + dF is 1-connected. Since K S + dF = m + z, we see that mz = 0 if and only if z = 0. Thus β = 0 if and only if |m| is base point free and z = 0, i.e. |K S + dF | is base point free. Hence it suffices to show that β ≥ 0. By Lemma 2.2, we have either ι = 2 or ι = 3. Now we discuss the two cases separately. If ι = 2, w.l.o.g. we can assume that
(here η 1 , η 2 , η 3 are the three nontrivial 2-torsion points on B), we see that h 0 (2T + βH) > 0 only if β ≥ −1.
If β = −1, then |2T − H| is nonempty if and only if
is a cone over a curve C ∼ alg 2D − E lying on B (2) , where D (resp. E) is a section (resp. fibre) of B (2) → B. Hence ϕ(S 0 ) = C is a curve. By Lemma 2.1, we have w ′ (S) = ϕ • w(S) = ϕ(S 0 ) = C. On the other hand, one sees easily from the definition of the paracanonical map (cf. section 2.1) that w ′ (S) = B (2) . Hence we get a contradiction. Therefore we have β ≥ 0. If ι = 3, then V 1 is indecomposable. Since S 0 ∼ alg 2T + βH and S 0 is effective, by [9] Theorem 1.13, we have β ≥ 0.
(ii) If F is nonhyperelliptic, then the map w : S S 0 is birational. Assume that S 0 ∼ alg αT +βH for some α, β. Since F is of genus 3, we have T (αT + βH)H = α = 4.
Since w is birational, we have
Thus we have α = 4 and β ≤ 0. Moreover β = 0 if and only if |K S + dF | is base point free. So it suffices to show that β ≥ 0. Recall that we have either ι = 2 or ι = 3. If ι = 3, then V 1 is indecomposable. By [9] Theorem 1.13, |4T + βH| = ∅ if and only if β ≥ −1. If β = −1, by [9] Theorem 3.2, a general element S t in |4T − H| is a smooth surface with ample canonical divisor. Note that S → S 0 is the minimal resolution of S 0 . Since S 0 is irreducible, K S 0 is Cartier, and K 2
= 3, a contradiction. Therefore we have β ≥ 0. If ι = 2, we consider the paracanonical system of S. By Lemma 2.1, we have the following
Since S 0 ∼ alg 4T + βH and ϕ is the projection induced by the natural inclusion: W 1 ֒→ V 1 , we see that the degree of the map ϕ| S 0 : S 0 B (2) is 4 (fibrewise, it maps a quartic plan curve to a line).
Hence deg w ′ = 4. Now write {K} = {M } + Z, where {M } is the movable part of {K} and Z is the fixed part of {K}. Note that the paracanonical map is defined by {M }. Let λ :S → S be the shortest composition of blow-ups such that the movable part {M } of λ * {M } is base point free. Then we have 4 
In particular, we have M Z = 0 and M 2 =M 2 . By the 2-connectedness of canonical divisors and the definition of λ, we see that Z = 0 and {M } is base point free, i.e. {K} is base point free.
Now we consider the linear system |K S + F t 0 |(t 0 ∈ B). For any fixed point x ∈ S, since {K t } t∈B and {F t } t∈B are both base point free, if we take general t ∈ B, then the divisor K t +F t 0 −t ∈ |K S +F t 0 | does not contain x. Hence |K S + F t 0 | is base point free. So |K S + dF | is base point free for any d ≥ 1. Therefore the relative canonical map is base point free.
Since the restriction map Catanese-Franciosi ([10] Corollary 2.5) proved that: if C is a 2-connected curve of genus p a (C) ≥ 1 lying on a smooth algebraic surface, then |K C | is base point free. However, the converse is not true in general, e.g. if we take C the union of two distinct smooth fibres of a genus 2 fibration, then |K C | is base point free, but C is not even 1-connected. Now we show that the converse is true in the following case: Proposition 2.5. Let f : S → B be a relatively minimal genus 3 fibration and let F be any fibre of f . If |K F | is base point free, then F is 2-connected.
To prove Proposition 2.5, we need the following four lemmas. 
Lemma 2.8 ([21] Chap. I, Lemmas 2.2 and 2.3).
Assume that D is a 1-connected divisor on a smooth algebraic surface and let 
with x a smooth point of D and H 0 (L) is generated by one section vanishing only at x. Now we prove Proposition 2.5.
Proof of proposition 2.5. If F is not 2-connected, then either (i) F is not 1-connected, or (ii) F is 1-connected, but not 2-connected. We discuss the two cases separately.
Hence |ω F | F ′ | has a base point and so does |K F |, a contradiction.
(
In case (2), since DE = 1, D intersects E transversely in one point x, which must be a smooth point of both curves.
We study now case (1)
If D is reducible, since K S is nef and
Since C 0 is irreducible and K S C 0 = 1, we get C 2 0 = −3 and C 0 is a smooth rational curve. Thus we get Therefore F is 2-connected.
Remark 2.10. The key point in the above proof for case (ii) is that we can find a 2-connected elliptic
satisfies the condition of Lemma 2.6. Using a similar argument, one can get an analogous result for genus 2 fibrations, i.e. Let F be any fibre of a relatively minimal genus 2 fibration f :
Combining Corollary 2.4 and Proposition 2.5, we get the following Theorem 2.11. Let S be a minimal surface with p g = q = 1, K 2 = 4 and a genus 3 Albanese fibration. Then every Albanese fibre of S is 2-connected. 3 Murakami's structure theorem for genus 3 hyperelliptic fibrations
In this section, we use Murakami's structure theorem for genus 3 hyperelliptic fibrations to study surfaces of type I. First we recall briefly the notation and idea in Murakami's structure theorem (see [22] for details).
Murakami's structure theorem
We first introduce the admissible 5-tuple (B, V 1 , V + 2 , σ, δ) in Murakami's structure theorem and then explain the structure theorem. 
Set now A := ∞ n=0 A n and let S(V 1 ) be the symmetric O B -algebra of V 1 . Via the natural surjection S(V 1 ) → A, the algebra structure of S(V 1 ) induces a graded O B -algebra structure on A. 
is the natural morphism induced by the multiplication of R. Moreover, the associated 5-tuple is admissible.
Conversely, given an admissible 5-tuple (B, V 1 , V + 2 , σ, δ), we have the graded O B -algebras S(V 1 ), A, R and varieties C, X. Note that C ∈ |O P(V 1 ) (2) ⊗ π * L −1 | is a conic bundle determined by σ, and X is the double cover of C with branch divisor determined by
, where π : P(V 1 ) = Proj(S(V 1 )) → B is the natural projection. Let f : X → B be the natural projection and v : S → X be the minimal resolution of X. Then f := v •f : S → B is a relatively minimal genus 3 hyperelliptic fibration with all fibres 2-connected. Moreover, we have f * ω S/B = V 1 and S has the following numerical invariants:
where b is the genus of B.
Application to surfaces of type I
Let S be a surface of type I, i.e. a minimal surface with p g = q = 1, K 2 = 4 and hyperelliptic Albanese fibration f : S → B such that g = 3, ι = 2 (note that "V 1 decomposable" means ι = 2 by Lemma 2.2). By Theorem 2.11, every fibre of f is 2-connected. Hence we can use Murakami's structure theorem to study f .
For later convenience we fix a group structure on B, denote by 0 its neutral element and by η 1 , η 2 , η 3 the three nontrivial 2-torsion points.
By Lemma 2.1, we can assume
where N is a nontrivial torsion line bundle over B. Now we use Murakami's structure theorem to study the order of N . In the notation we introduced in section 2.4, we have: 
with N −2 , we get the associated cohomology long exact sequence
. By Riemann-Roch for vector bundles over a smooth curve (cf. [3] Chap. II, Theorem 3.1), we have
is nonzero (here the last map is the natural projection), hence it is an isomorphism. Therefore the above exact sequence splits. 
Lemma 3.3 implies that the exact sequence
also splits (see [23] 
By Lemmas 3.2, 3.3 and Remark 3.4, we have
Proof. Recall that 
By
Hence we have
where
Hence we have L ⊗2 ∼ = O B and the result follows from Lemma 3.2.
Using Remark 3.4 and Lemma 3.5, we can decide now the linear systems of the conic bundle C and the branch divisor δ in Murakami's structure theorem (cf. section 2.4):
Now we divide surfaces of type I into two types according to the order of N . Proof. Since N is a torsion line bundle of order 2 for surfaces of type I 1 , and it is a torsion line bundle of order 4 for surfaces of type I 2 , we have M I 1 ∩ M I 2 = ∅. Now we show that M I 1 is a Zariski closed subset of M 4 1,1 . By a similar argument, one can show that M I 2 is also a Zariski closed subset of M 4 1,1 . By [11] Theorem 24, given two minimal surfaces of general type S 1 , S 2 with their respective canonical models S ′ 1 , S ′ 2 , then S 1 and S 2 are deformation equivalent ⇔ S ′ 1 and S ′ 2 are deformation equivalent. Hence it suffices to show: if p : S → T is a smooth connected 1-parameter family of minimal surfaces such that for 0 = t ∈ T , S t := p −1 (t) is a surface of type I 1 , then S 0 = p −1 (0) is also a surface of type I 1 .
For 0 = t ∈ T , a general Albanese fibre of S t is hyperelliptic of genus 3 and V 1 is decomposable. Since the genus of the Albanese fibration and the number of the direct summands of V 1 are deformation invariants, we see that a general Albanese fibre of S 0 is also of genus 3 and V 1 of S 0 is also decomposable. Moreover, since a general Albanese fibre of S t is hyperelliptic, a general Albanese fibre of S 0 is also hyperelliptic. Otherwise we would get a flat family of irreducible smooth curves C → T , whose central fibre is a nonhyperelliptic curve and whose general fibre is a hyperelliptic curve, a contradiction.
Hence S 0 is also a surface of type I. Since M I = M I 1 ∪ M I 2 and M I 1 ∩ M I 2 = ∅, we conclude that S 0 is a surface of type I 1 . Therefore M I 1 is a Zariski closed subset of M 
Surfaces of type I 1
In this section, we focus on surfaces of type I 1 . First we show that surfaces of type I 1 are in one to one correspondence with some bidouble covers of B (2) .
Bidouble covers of B (2)
Recall that (cf. [6] Proposition 2.3) a smooth bidouble cover h : S → X is uniquely determined by the data of effective divisors (sometimes we also call them branch divisors)
has normal crossings and
As Manetti [20] pointed out, these facts are true in a more general situation where X is smooth and S is normal (in this case, each D i is still reduced, but D may have other singularities except for ordinary double points).
Let p : B (2) = {(x, y)|x ∈ B, y ∈ B, (x, y) ∼ (y, x)} → B be the natural projection defined by (x, y) → x + y. Set D u := {(u, x)|x ∈ B} a section of p and E u := {(x, u − x)|x ∈ B} a fibre of p. Now we construct a family of surfaces of type I 1 using bidouble covers of B (2) . Proposition 4.1. Let h : S ′ → X := B (2) be a bidouble cover determined by effective divisors
that S ′ has at most RDP's as singularities. Then the minimal resolution ν : S → S ′ of S ′ yields a surface S of type I 1 .
Proof. Let G = (Z/2Z) 2 = {1, σ 1 , σ 2 , σ 3 } be the Galois group of the bidouble cover h and let R i be the divisorial part of F ix(σ i ). Set R := R 1 ∪R 2 ∪R 3 . Then we have D i = h(R i ) and 
Moreover, for i = 1, 2, one has
Since S ′ has at most RDP's as singularities and K S ′ is ample, we see that S is minimal,
The bidouble cover h : S ′ → X can be decomposed into two double covers h 1 : Y → X with Since
Since Proof. The moduli space of B (2) has dimension 1. Since we have fixed the neutral element 0 for B, only a finite subgroup of Aut(B (2) ) acts on our data, and quotienting by it does not affect the dimension. Since h 0 (D 1 ) = h 0 (2D 0 ) = h 0 (S 2 E [0] (2, 1)) = 3 (cf. Lemma 3.5) and h 0 (D 2 ) = h 0 (−2K X ) = 2 (see [5] Proposition 10), we have
Next we show that the converse of Proposition 4.1 is also true. ( * ) For the remainder of this section, we always assume that S is a surface of type I 1 and that S ′ is the canonical model of S.
Since the proof is long, we divide it into three steps in the following three lemmas: (1) To prove (1), we first introduce the map h. Since the relative canonical map w : S → P(V 1 ) factors as the composition ν : S → S ′ (the map contracting (−2)-curves) and µ : 2) . By Lemma 2.1, we have the following commutative diagram
where w = µ • ν and w ′ = h • ν. Since w is a morphism (cf. Lemma 2.3) and the general Albanese fibre of S is hyperelliptic, we see that µ : S ′ → C := µ(S ′ ) ⊂ P(V 1 ) is a finite double cover. Moreover C is exactly the conic bundle in Murakami's structure theorem. Now we prove (1).
Lemma 4.4. The map h : S ′ B (2) is a finite morphism of degree 4.
Proof. Since µ : S ′ → C is a finite double cover, it suffices to show that ϕ| C : C B (2) is also a finite double cover. To prove this, we need to study the equation of C ⊂ P(V 1 ) and use the definition of ϕ.
To get global relative coordinates on fibres of P(V 1 ), first we take a unramified double cover of B. Since N is a 2-torsion line bundle, we can find a unramified double cover φ :B → B such that φ * N ∼ = OB and φ * 0 =0 + η for some nontrivial 2-torsion point η ∈B, where0 is the neutral element in the group structure ofB, and such that φ(0) = 0. Moreover, by [17] 
Note that the unramified double cover Φ : P(Ẽ) → P(V 1 ) induces an involution T η on P(Ẽ). Let J := {1, T η } be the group generated by T η . Then for any divisor D on P(V 1 ), we have
From the commutative diagram above, to show that ϕ| C is a finite double cover, it suffices to show thatφ|C :C → P(OB(0) ⊕ OB(η)) is a finite double cover.
Take global relative coordinates y 1 : OB(x) →Ẽ, y 2 : OB(x ′ ) →Ẽ, y 3 : OB →Ẽ on fibres of P(Ẽ). In notation of section 4.2, we have C ∈ |O P(V 1 ) (2)|, henceC is a J-invariant divisor in |O P(Ẽ) (2)|. Therefore the equation ofC ⊂ P(Ẽ) can be written as
Since the action of T * η is y 1 → y 2 , y 2 → y 1 , y 3 → −y 3 andC is J-invariant, we see that T * η a 1 = a 2 and T * η a 5 = a 6 . Since finite double cover is a local property, we can check this locally. Choose a local coordinate t for the base curve B. Then (t, (y 1 : y 2 : y 3 )) is a local coordinate on P(Ẽ) and (t, (y 1 : y 2 )) is a local coordinate onX. The action ofφ is locally like (t, (y 1 : y 2 : y 3 )) → (t, (y 1 : y 2 )). From the equation ofC, to show thatφ|C is a finite double cover, it suffices to show that a 3 = 0.
If a 3 = 0, then C := {y 1 = y 2 = 0} ⊂C. Recall that the branch divisor δ of u :
it is reduced. Henceδ := Φ * δ is a J-invariant reduced divisor in |O P(Ẽ) (4) ⊗π * OB(−2 ·0 − 2η)||C. Since 2x ≡ 2x ′ ≡ 2η ≡ 2 ·0 and x + x ′ ≡0 + η ≡ 2 ·0, one sees easily that y 4 1 , y 2 1 y 2 2 , y 4 2 is a basis of H 0 (O P(Ẽ) (4) ⊗π * OB(−2 ·0 − 2η)). Let f 2 be the equation ofδ onC. Then f 2 has the form
Note that C is contained inδ. Since the Jacobian matrix of (f 1 , f 2 ) at any point of C has the form   ∂f ∂t a 5 y 3 a 6 y 3 0 0 0 0 0   which has rank 1,δ is singular along C. Henceδ is nonreduced, a contradiction. Therefore ϕ : C → B (2) is a finite double cover and h is a finite morphism of degree 4.
Remark 4.5. From that above Lemma, one sees easily that fibrewise, the composition map S ′ → C → B (2) is just: a genus 3 hyperelliptic curve
→ a conic curve in P 2 2:1 → P 1 .
Now we prove (2).
Lemma 4.6. The morphism h : S ′ → B (2) is a bidouble cover with branch divisors
Proof. As in section 4.1, we denote by H the fibre of π : P(V 1 ) → B and by T the divisor on P(V 1 ) such that π * O(T ) = V 1 . Similarly, we denote byH the fibre ofπ : P(Ẽ) →B and byT the divisor on P(Ẽ) such thatπ * O(T ) =Ẽ. By Lemma 4.4, the ramification divisor ofφ|C onC is defined by
and is linearly equivalent to 2T |C. Thus the ramification divisor of ϕ| C on C is linearly equivalent to 2T | C (which is the J-invariant part of 2T |C). From the definition of ϕ, we know that D 0 = ϕ(T ).
Hence the branch divisor of ϕ| C is linearly equivalent to 2D 0 .
Hence the branch divisor of µ : S ′ → C is invariant under the involution σ ′ 1 of C induced by the double cover ϕ| C : C → B (2) . So σ ′ 1 lifts to an involution σ 1 on S ′ . Note that the double cover µ : S ′ → C induces another involution σ 2 on S ′ . Hence we get a group G := {1, σ 1 , σ 2 , σ 3 := σ 1 • σ 2 } acting effectively on S ′ , and the quotient S ′ /G is nothing but B (2) .
Therefore h : S ′ → B (2) is a bidouble cover. Moreover, the three branch divisors of h are
Now we prove (3).
Lemma 4.7. Up to an automorphism of B (2) , we can assume the data (
are equivalent up to an automorphism of X = B (2) . The automorphism (x, y) → (x + η i , y + η i ) on X fixes fibres of X → B and translates
Therefore, up to an automorphism of B (2) , we can assume the data (
Combining Propositions 4.1 and 4.3 together, we get the following 
Natural deformations of smooth bidouble covers
Let S be a general surface of type I 1 . Then we have a smooth bidouble cover h : S → X = B (2) determined by branch divisors
h is a simple bidouble cover (see [7] Definition 22.4). In this subsection, we study the natural deformations of S. (see [7] p. 75 for details)
Let
0 −E η i and let z 1 , z 2 be the fibre coordinates relative to the two summands
. By [7] p. 75, S is a subvariety of V defined by equations:
and a natural deformation Y of S is defined by equations Proof. Since there is one parameter for X = B (2) (see Lemma 4.2) . From equations (4.4), we see 
, we see that a general surface in M ′ 1 has a genus 3 nonhyperelliptic Albanese fibation.
4.3 h 1 (T S ) for a general surface S of type I 1
In this section we calculate h 1 (T S ) for a general surface S of type I 1 . Note that for general choices of D 1 ∈ |2D 0 | and D 2 ∈ |4D 0 − 2E 0 |, D 1 , D 2 are both irreducible smooth curves and they intersect transversally. Hence S is a smooth bidouble cover of X := B (2) determined by effective divisors 
Hence to calculate h 1 (T S ), it suffices to calculate h 0 (Ω X (logD 1 , logD 2 , logD 3 ) and
Proof. Since p : X = B (2) → B is a P 1 -bundle, by [14] Chap. III, Ex. 8.4, we have the following exact sequence
On the other hand, we have the exact sequence 
On the other hand, by [6] (2.12), we have the following exact sequence
is an irreducible elliptic curve in the rational pencil |−2K X | (cf.
[5] Proposition 6), we know that
Proof. Consider the following exact sequences
Proof. Let g : Y → X be the smooth double cover in Lemma 4.13. Since 
Surfaces of type I 2
In this section, we study surfaces of type I 2 . The method is similar to that for surfaces of type I 1 . We omit the proof wherever it is similar to that for surfaces of type I 1 .
Bidouble covers of B (2)
As before, let B (2) be the second symmetric product of an elliptic curve B. Let C η i := {(x, x + η i ), x ∈ B} (i = 1, 2, 3) be the (only) three curves homologous to −K X (see [5] proposition 7). Let τ be a point on B such that 2τ ≡ η 1 + η 2 .
Theorem 5.1. Let h : S ′ → B (2) be a bidouble cover determined by effective divisors D 1 ≡ 2D 0 , D 2 ≡ 4D 0 − E η 1 − E η 2 , D 3 = 0, and divisors L 1 ≡ 2D 0 − E τ , L 2 ≡ D 0 , L 3 ≡ 3D 0 − E τ such that S ′ has at most RDP's as singularities. Then the minimal resolution S of S ′ is a surface of type I 2 . Conversely, for any surface S of type I 2 , the canonical model S ′ of S is a bidouble cover of B (2) where B = Alb(S)) determined by the effective divisors (D 1 , D 2 , D 3 ) and divisors (L 1 , L 2 , L 3 ) above.
Proof. The proof is similar to Theorem 4.8. Note here h 0 (4D 0 − E η 1 − E η 2 ) = H 0 (S 4 (E [0] (2, 1)(−η 1 − η 2 )) = 1 (cf. Lemma 3.5). And C η 1 + C η 2 is the unique effective divisor in |4D 0 − E η 1 − E η 2 |, which is the disjoint union of two smooth elliptic curves (see [5] proposition 7).
5.3 h 1 (T S ) for a general surface S of type I 2
Let S be a general surface of type I 2 . In this subsection we calculate h 1 (T S ). Note that a general surface S of type I 2 is a smooth bidouble cover of X = B (2) 
Lemma 5.5.
(1) h 0 (Ω X (logD 1 , logD 2 , logD 3 ) ⊗ ω X ) = 0;
Proof.
(1) Consider the exact sequence
Since K X D 1 = −2, we have h 0 (O D 1 (K X )) = 0. From the exact sequence 
